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This paper describes a general-purpose programming technique, called Simulation of Simplicity, that
can be used to cope with degenerate input data for geometric algorithms. It relieves the programmer
from the task of providing a consistent treatment for every single special case that can occur. The
programs that use the technique tend to be considerably smaller and more robust than those that do
not use it. We believe that this technique will become a standard tool in writing geometric software.
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1. INTRODUCTION

This paper introduces a general technique that can be used to cope with degen-
erate cases encountered by computer programs. Consider, for example, a program
that sorts an array of integers using a comparison as a primitive operation. A
special, or degenerate, case occurs when the program attempts to decide which
one of two equal numbers is smaller than the other. A typical way to resolve this
tie is to pretend that the number with the smaller index is smaller (assuming the
integers are indexed, e.g., by their positions in an array). Or think of Kruskal’s
algorithm for constructing a minimum spanning tree of a weighted graph (see
[1]). At each step it chooses the shortest edge that can be added to the current
collection of edges without creating a cycle. If this edge is not unique, then any
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Fig.1. The different cases in the Parity algorithm.

one of the candidate edges is taken. The thus generated minimum spanning tree
is therefore not unique unless we specify deterministic rules to break ties.

In both problems, sorting and constructing minimum spanning trees, the
special cases are easily dealt with, partly because the ties can be broken arbitrarily
without creating inconsistencies. The situation is usually far more complicated
for geometric problems. Consider, for example, the following seemingly straight-
forward algorithm for the point-in-polygon problem that is sometimes called the
Parity Algorithm:

—Let r be the horizontal half-line whose left endpoint is the test point.

—Count the number of intersections between r and the edges of the polygon. If
that number is odd, then the test point lies within the polygon, and if the
number is even, then it lies outside the polygon.

As pointed out in [12], it is not a trivial matter to implement this algorithm,
even if we assume that the test point does not lie on the boundary of the polygon.
There are only two nondegenerate cases: Either the intersection between r and
an edge e is empty, or r crosses e (see Figure 1a and b). There are, however, four
degenerate cases (as illustrated in Figure 1c-f) that have to be taken into account.

A correct answer is obtained if cases (c) and (e) are counted as one crossing
and cases (d) and (f) are not counted at all. If we write the code for the above
algorithm, we realize that a substantial amount of the effort is required to cover
the four degenerated cases. Observe also that there are several seemingly plausible
ways to treat the degenerate cases and that some of them lead to incorrect
algorithms. We appeal to the imagination of the reader to envision the bizarre
structure of degenerate cases one encounters in generalizing the point-in-polygon
problem to three or higher dimensions. Another problem with a set of degenerate
cases that is considerably richer than the one of the point-in-polygon problem is
obtained if one intersects a polygon with a geometric object that is more
complicated than a half-line.

When it comes to implementing geometric algorithms, degenerate cases are
very costly, in particular, if there are many such cases that have to be distin-
guished. This is caused by the positive correlation between the number of
degenerate cases and a variety of factors that contribute to the overall cost of a
piece of software. These factors include the length of the program, which, for
itself, correlates positively with the amount of time required to write it, to debug
it, and to maintain it. Of course, the degree of robustness of the program decreases
with increasing complication. The correctness of a program relies on the consis-
tent treatment of all different cases. In this context, it is worthwhile to mention
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that more efficient algorithms tend to be more complicated and also more sensible
to slight inconsistencies in treating degenerate cases.

This paper presents a general technique, called Simulation of Simplicity (SoS),
that can be used to cope with the problems mentioned above. Intuitively, it
simulates a conceptual perturbation of the input data that eliminates all
degeneracies. We hasten to mention that the perturbation is never ever com-
puted—it is assumed to be arbitrarily small, although not vanishing, which is
enough to simulate the nondegenerate topology. Another interpretation of the
technique views it as a genieral way to break ties consistently. The tie-breaking
part of the code appears in the lowest level of the algorithm, namely, in the
procedures that implement the needed primitive operations. Different techniques
following the same main approach have recently been suggested in [23] and [24].
A large part of this paper is devoted to demonstrating that the overhead in time
caused by the use of the more elaborate primitive procedures required by SoS is
negligible.

The outline of this paper is as follows: Section 2 presents the general idea of
the technique and works out some guidelines needed to implement it effectively.
Section 3 considers a class of problems for finite point sets that can be solved
using a common set of geometric primitives. It also discusses how the perturbation
influences the geometric primitives. Section 4 demonstrates efficient implemen-
tations of the primitive operations. In Section 5 we show that the geometric
primitives introduced for point set problems can be used to solve a variety of
other problems defined for polygons, hyperplanes, circles, spheres, and other
geometric objects. Finally, in Section 6 we discuss the perturbation technique
and its limitations.

2. SOS: THE GENERAL IDEA

Degeneracies occur with probability zero if we draw a finite number of geometric
objects, each represented by a finite set of numbers from the (infinite) set of all
such objects, provided there is no bound on the precision of the numbers used.
In real-life computing, this is not the case; that is, there is only a finite set of
available numbers and thus a bound on the precision that can be achieved. As a
consequence, we are doomed to work with degenerate data. On the other hand,
even infinite precision does not guarantee the nonexistence of degeneracies. This
section gives the general outline of a technique called the Simulation of Simplicity
(SoS)—we use simple as a synonym for nondegenerate—which allows us to neglect
degeneracies when we write programs. A similar but less elaborate method has
been used to solve degenerate linear programs. This leads to the implementation
of the simplex algorithm referred to as the “lexicographical method” (see [3], [4],
[6], or [7] for details). In computational geometry, this technique has been used
in a couple of papers, including [8] and [11], to avoid the otherwise necessary
discussion of degenerate cases. This paper presents the theoretical foundations
of SoS, as well as details of its implementation.

The basic idea of SoS is to perturb the given objects slightly, which amounts
to changing the numbers that represent the objects; these numbers are called the
coordinates or the parameters of the objects. It is important that the perturbation
is small enough so that it cloes not change the nondegenerate position of objects
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relative to each other. Coming up with such a perturbation is rather difficult and
may require much higher precision than used for the original set of objects. For
this reason, we perform the perturbation only symbolically by replacing each
coordinate by a polynomial in e. The polynomials will be chosen in such a way
that the perturbed set goes toward the original set as ¢ goes to zero. We will see
that it is not important to know the exact value of ¢ to perform the simulation;
rather, it is sufficient to assume that ¢ is positive and sufficiently small. Thus, it
will be possible to use ¢ as an indeterminant and to handle primitive operations
symbolically.

The future user of SoS will not have to be concerned with the role that ¢ plays
in the perturbation or with the symbolic manipulation of polynomials. We may
think of SoS as a package that provides the primitive operations needed for a
certain computation. Ideally, the inside of these operations is hidden from the
user, who communicates with them as one would with an oracle. It turns out that
a large number of geometric problems can be solved using a surprisingly small
number of primitives. Some of these primitives will be discussed in the following
three sections. This section continues to develop the general ideas on which SoS
is based.

One of the goals of SoS is to perturb a set of objects such that all degeneracies
disappear. A degeneracy is something that is not defined in general; its definition
depends on the problem at hand. More specifically, it depends on the primitive
operations used to solve the problem. For example, a primitive operation in the
point-in-polygon algorithm described in the Introduction tests the intersection
of a horizontal half-line and a line segment. A degeneracy occurs if the half-line
contains one or both endpoints of the line segment. A set of objects is now called
simple, or nondegenerate, or in general position, if it does not contain any
degeneracy. We thus define “simplicity” relative to the primitives used to solve
a problem.

This paper considers only topological primitives, that is, operations that test
some given input and classify it as one of a constant number of possible cases.
This is in contrast to operations that compute new objects such as the intersection
of a half-line and a line segment. In most programs, such an object serves only
as an intermediate result anyway; but an intermediate result can as well be
represented implicitly as a collection of pointers and a tag that tells us in what
sense the objects identified by the pointers determine the (implicit) result. To
simplify our discussion even further, we restrict our attention to primitives with
three possible outcomes that we represent by +1, 0, and —1, where 0 indicates a
degeneracy, and +1 and —1 distinguish between the two nondegenerate cases.
Tests that distinguish between more than two nondegenerate cases can be
obtained by combining several ternary tests.

If we think of a primitive operation as a function f that maps a high-dimensional
point (whose coordinates describe the input objects) to +1, 0, or —1, then f~(0)
represents the set of degenerate inputs. One requirement for this set is that its
measure in this high-dimensional space is zero—otherwise, it is unreasonable to
call its points degenerate. A set of n objects, given by d parameters each, can be
thought of as a point in nd dimensions. If f takes k& < n objects as input, then
f710) is a surface of measure zero in kd-dimensional space. This surface defines
another zero-measure surface in nd dimensions that is obtained by embedding
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f7(0) in the kd-dimensional subspace defined by the k objects and extending it
orthogonal to this subspace along the other coordinate axes. Other combinations
of k objects provide additional zero-measure surfaces that, altogether, decompose
the nd-dimensional space into faces of various dimensions. A cell is an nd-
dimensional face of this decomposition, and all points of a cell correspond to
nondegenerate sets of objects. A degenerate set corresponds to a point x in the
union of the surfaces, denoted by .%. Since . has measure zero, every nonempty
open ball around this point contains a point ¥ of some cell. Moving x to y
corresponds now to perturbing the set of objects that x corresponds to such that
all degeneracies disappear. This shows that a perturbation to a nondegenerate
set is always possible even if the amount of perturbation is severely limited.
Recall that another requirement for the perturbation is that it does not change
any nondegenerate subconfiguration. This means that we should not move x
across a surface it did not belong to initially. This can always be guaranteed if
we choose the open ball small enough that it does not intersect any surface that
does not contain the initial position of x.

To follow the forthcoming reasoning, it is not necessary for the reader to
understand the topology of the nd-dimensional space as indicated in the above
paragraph. Nevertheless, this view of the problem sheds some light on the nature
of degeneracy. It also explains why there is always a small enough perturbation
that removes all degeneracies. Below, we discuss such perturbations more specif-
ically and address a few questions concerning the efficient implementation of
SoS.

Simplicity is simulated by applying a particular perturbation to a set
P ={py, pi,...,Ppn-1} of n geometric objects

Pi = (Ty1, iy ooy Tia)y 0si=n-1,

each specified by d parameters. It will be important that each object has a unique
index between 0 and n — 1. The objects are in arbitrary, and therefore not
necessarily in general, position. The perturbation of P is realized by replacing
each parameter by a polynomial in e. We define

P(e) = {pile) = (mi1(e), minle), ..., male)) |0 =isn— 1},
where
miile) = m; + (i, J) for 0<isn-1 1=<j=d,

and (i, j) is a polynomial in ¢ that goes to zero when ¢ goes to zero. We will refer
to the new parameters ,;(¢), the new objects p;(e), and the new set P(e) as the
e-expansions of the original parameters , ;, the original objects p;, and the original
set P, respectively. The choice of the polynomials (i, j) will be guided by three
requirements SoS has to meet.

(1) P(e) must be simple if ¢ > 0 is sufficiently small.
(2) P(e) must retain all nondegenerate properties of the original set P.
(3) The computational overhead caused by simulating P(e) should be negligible.

As mentioned before, condition (2) is automatically met if ¢ is small enough.
To satisfy (1), it is sufficient to choose the ¢ (i, j) such that there is no nonempty
open interval I with the property that P(¢) is not simple if € I. Think of P as a
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point x in nd dimensions, and let x(¢) be the point that corresponds to P(e). The
points x(¢), ¢ > 0, form a one-dimensional curve C in nd dimensions. Thus, (1) is
satisfied if C N % is a discrete set of points. (Recall that .% represents all points
in nd dimensions that correspond to degenerate sets P.) In this topological
setting, the phrase “¢ sufficiently small” gets a specific meaning: If ¢, > 0 is the
smallest value of ¢ such that x(¢) € %, then ¢ is sufficiently small if and only if
0 < e < g. It is less clear how condition (3) influences the choice of the &(i, j).
Below, we formulate a criterion for the polynomials (i, j) that leads to an
efficient implementation of SoS. However, we do not claim that other choices of
the (i, j) cannot lead to efficient implementations too.

Recall that a primitive operation is a function f that maps a set  of k objects
to +1, 0, or —1. If the e-expansion is defined properly, then f(Q(¢)) € {+1, —1}
provided ¢ > 0 is small enough. In general, f(Q(e)) will be the sign of a fairly
complicated function in &. (Since f is now a binary function, we can identify
{+1, —1} with {true, false} and express it as a predicate. We will follow this
practice in the following sections of this paper.) One way to allow for an efficient
evaluation of f(Q(e)) is to choose the ¢(i, j) in different orders of magnitude such
that two expressions, each consisting of several factors of the form (i, j), can be
compared solely on the basis of the index pairs (i, j) involved. When we evaluate
f(Q(e)), we can sort its terms in order of decreasing significance, which can be
done by comparing sets of index pairs. The most significant term will be a term
without any e-factor; it will be equal to f(Q). The first term with a nonzero
coefficient decides the sign of the function. If @ is nondegenerate to begin with,
then f(Q(c)) = f(Q), and no other term has to be determined. In Sections 3 and
4, we will see that such a choice of the ¢(i, j) allows us to determine the sign of a
fairly complicated polynomial in only a few steps.

Note that SoS requires us to tell when @ is degenerate, which means that we
need to be able to decide whether or not f(Q) = 0. This is not possible with the
kind of floating-point arithmetic that is usually provided by current computers.
Instead, we need to use exact arithmetic and, thus, occasionally long integers.
These admittedly somewhat expensive operations occur only inside the primitives
and do not concern the user of SoS. Furthermore, the length of such long integers
is bounded by a constant if kd, the number of input parameters of f, is bounded
by a constant. In most geometric algorithms, this constant is reasonably small.
In Section 6 we report on our experience in implementing SoS and give an
indication to what extent the use of long integer arithmetic slows down the
computation. This point cannot be taken lightly because the long integer arith-
metic is likely to occur in the innermost loop of any program that uses SoS and
thus dictates the constant in front of the asymptotic running time. However, it
is worthwhile to mention that the need for exact arithmetic is not a peculiar
feature of SoS itself, but is necessary whenever we do exact computation rather
than push our luck and hope for the cancellation of round-off errors.

3. FINITE POINT SETS: A CASE STUDY

For a further discussion of SoS, it is advantageous to apply it to certain geometric
objects and certain primitive operations defined for these objects. We choose
points in the d-dimensional Euclidean space E¢ as the objects for the case study.
Notice that this is actually no loss of generality since every object specified by
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d parameters can be interpreted as a point in E“ The primitive operation that
we will consider takes d + 1 points as input and decides on which side of the
hyperplane spanned by the last d points the first point lies. As we will see in
Section 5, this primitive operation has a wide range of applications.

If a given finite point set is perturbed, as explained in Section 2, one can ignore
all degeneracies and special cases. The price for this simulated simplicity is that
the coordinates of the points are now symbolic expressions in . Even for a simple
task, such as the comparison of two coordinates, we need a custom-made
procedure that handles the e-expansions of the coordinates. Let =, ; be the jth
coordinate of point p;, and let m,; be the Ith coordinate of p;, 0 < i, k= n — 1,
and 1 =< j, | = d. To decide which one of the two corresponding perturbed
coordinates is smaller, we define a predicate Smaller as follows:

Smaller(vri,j; 7I'k,1) = true iff Wi,j(s) < Wk,l(e).

Due to SoS, we can neglect degeneracies; that is, we have m; ;(¢) # m,(¢), and for
this reason the predicate Smaller(w;;; m;) = false if and only if m;;(e) > my,(e).
The implementation of this predicate is fairly straightforward since we can
compare the e-terms, (i, j) and (%, 1), by comparing the defining index pairs
(see Section 3.2, Lemma 3.2).

Predicate 1 (Smaller). Assume the e-expansion ¢(i, j) is defined as in
Section 3.2 (2). With this, for indices 0 < i, k <=n — 1, and 1 < j, [ < d, which
satisfy (i, j) # (k, 1), the predicate Smaller(rx,;; ms;) can be implemented as
follows:

function Smaller (= ;; s,;) returns Boolean
begin
if ij # Tht then
return (r;; < ms;)
else if : # k then
return (i > k)
else
return (j <)
end

Notice that, in this case, the coordinates m;; and =5, as well as their index pairs
(i, j) and (&, 1) have to he passed as arguments whenever predicate Smaller is
called. This means that in popular programming languages, such as Pascal, the
function heading would be something like

FUNCTION smaller (i, j, k, 1, Pij, Pkl): Boolean;

but implementation details like this will be ignored in the remainder of this
paper. Furthermore, notice that we have

Smaller(z; ;; ;) = true iff det(ﬂi’j(e) 1) < 0.
s k,l(C) 1
In Section 3.1 we express more complicated predicates than just comparisons of
coordinates by similar determinants. For matrices not exceeding a given size, it
is not difficult to specify the e-expansion &(i, j) such that all requirements
discussed in Section 2 are satisfied. This will be done in Section 3.2. Finally,

ACM Transactions on Graphics, Vcl. 9, No. 1, January 1990.



H. Edelsbrunner and E. P. Micke . 73

Section 3.3 extends the results to homogeneous coordinates. The procedures that
implement the predicates will be developed in Section 4.

3.1 Predicates Expressed by Determinants

This section introduces the notion of orientation of a sequence of d + 1 points
in E¢ With this concept we will be able to give an implementation of the
primitive operation for d + 1 points mentioned above.

The orientation of a sequence of points (p;,, p;,, - - -, p;,) in E%is either negative
or positive—unless the d + 1 points lie in a common hyperplane, in which case
the orientation is undefined. The exceptional case is a degeneracy that can be
ignored if the points are perturbed. We define the orientation of a sequence
recursively. It will be important that the orientation of a sequence depends only
on the relative position of the points to each other and not on their absolute
positions.

If the dimension d = 1, then the orientation of (p;, p;) is positive if p;, > p; ,
and it is negative if p; < p;, (cf. Figure 2a and b). If d = 2, then (p;,, p;,, p;,) has
positive orientation if the three points define a left turn in the plane; that is, p;,
lies to the left of the directed line that passes through p; and p; in this order. If
(py,» pi,» Pi,) defines a right turn, then its orientation is negative. Note that the
orientation of (p;, p;,, p;,) is the same as the orientation of (p;, p;,) as “seen
from” p; . Indeed, the line through p; and p;, can be identified with E' as soon as
we choose a direction of the line. This direction is provided by the location of
Pi,: It goes from left to right as seen from p;, (see Figure 2c and d).

If d > 2, then the orientation of (p;,, p;, . . ., p;,) is the same as the orientation
of (p;, ..., p:,) as seen from p; . For example, (p;,, pi,, p;,, p;,) in E? has positive
orientation if p; observes (p;, pi,, p;,) making a left turn. In most situations
where the concept of orientation is used, the interest is in the position of one

point, p; , relative to d other points, p;, p;,, - . . , p;,, We thus say that p;, lies on
the positive side of (p,,, ..., p:) if (pi,, ps, - - ., Pi,) has positive orientation, and
D;, lies on the negative side of (p;,, ..., p;,) if (pi, Pi» .-, pi;,) has negative
orientation.

To decide on the orientation of a sequence of d + 1 points in E9, we use the
matrix

Tigl Tig2 '+ Tigd 1
i1 T2 0t T4 1
A= . - - (1)
Tigl Tig2 = Tid 1
LEMMA 3.1 The orientation of (p;, pi, -.., Di,) is positive if and only if

sign(det A) = +1 and is negative if and only if sign(det A) = —1.

Notice that det A vanishes if and only if the d + 1 points are degenerate, that
is, if they lie in a common hyperplane—a case that can be neglected within the
perturbed point set P(e). Recall from linear algebra that the determinant of a
matrix is multiplied by —1 if we exchange two rows. Thus, the orientation of a
permutation of (p;, p;,, ..., p;,) is the same as the orientation of the sequence
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Fig. 2. The orientation of d + 1 points in dimension d, for d = 1, 2. (a) Positive; (b) negative;
(c) positive; (d) negative.

itself if the number of transpositions is even; otherwise, its orientation is the
opposite of the orientation of (p;, py,, . . ., p;,)-

There are plenty of algorithms for point set problems that are based on
computing the orientation of a sequence of points. Prime examples are the
construction of convex hulls (see [9], [18], [19], [20], or [22]), computing A-
matrices as discussed in [9] and [14], and finding convex subsets (see [5], [9],
and [10]). The remainder of this section considers the primitive operations
required by the three-dimensional convex hull algorithm of Preparata and Hong
that is described in [9], [18], and [19].

The first step of the algorithm sorts the points in x,-direction. T'o perform this
step, it needs to compare the x;-coordinates of two points, which can be done by
computing the orientation of their orthogonal projections onto the x;-axis.
Second, it constructs the two-dimensional convex hull of the points projected
onto the x,x;-plane. Here, the primitive operation is to decide whether three
points (in the x;xs-plane) define a left turn or a right turn. Third, the algo-
rithm constructs the three-dimensional convex hull by repeating the following
operation:

Given a plane pivoting about two extreme points p;, and p;,, find the point
hit first by this plane.

This operation can be reduced to a number of comparisons of the following form:
Given two points p; and p;,, which one is hit earlier by the pivoting plane? To
perform such a comparison is equivalent to deciding on which side of the plane
through p; , p;,, and p; point p;, lies. This is the same as computing the orientation
of (pi,, Pi,» Di,» Pi,)- Thus, we see that the convex hull algorithm of Preparata and
Hong requires three primitive operations, all of which determine the orientation
of point sequences.

3.2 Choosing the Form of the Perturbation

As explained in Section 8.1, the primitive operation that determines the orien-
tation of a sequence of d + 1 points in d dimensions computes the sign of a
determinant of a (d + 1)-by-(d + 1) matrix. SoS replaces the coordinates =;; in
this matrix by entries of the form =;; + ¢(i, j). The determinant itself is then the
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sum of a finite number of terms, where each term is the product of d items and
an item is either an original coordinate or an (i, j). Thus, each term consists
of a coefficient, which is the product of original coordinates, and a so-called
e-product, a product of factors of the form &(i, j). The number of factors (i, j)
can be zero, in which case the e-product is defined to be equal to 1. As mentioned
in Section 2, it is irrelevant what exactly the definition of the ¢-expansion is as
long as it satisfies certain requirements. The computational simulation is unet-
fected if we change the definition of the e-expansion within allowed limits. Even
s0, it is important to show that there is at least one e-expansion that satisfies the
requirements. The existence of such an expansion implies the physical existence
of an appropriately perturbed point set, which is the only guarantee of the
consistency of our method we have.
We define

eli, j) = &7, (2)

forO0=<i=n-1,1=<j=d, and é = d, and show that this choice satisfies all the
requirements of SoS. Notice that the amount of perturbation experienced by
coordinate w;; is larger than the perturbation of =, if and only if (i, j) < (%, [);
that is, i < k or { = k and j > [. Furthermore, we have

I eGid= T 7> " =¢k) (3)

@.J)<(k,l) )<k

if 0 < ¢ < 1. This is equivalent to stating that 2°-°~/, the exponent of e(k, 1), is
larger than the sum of the exponents of all £(i, j) with (i, j) < (&, 1). It follows
that it is sufficient to consider the sets of index pairs when we compare two
e-products. Let e; and e, be two different e-products, and let .7 (e;) and .# (e,) be
the two associated sets of index pairs. We call .#(e,) smaller than .7 (e,) if the
set 7 (e,) — F(ez) is empty or if (i, j) < (k, 1), for (i, j), the largest index pair in
F(e;) — F(ey), and (k, 1), the largest index pair in .7 (e;) — # (e1).

LEMMA 3.2 Let ¢, and ¢, be two positive constants, and let e, and e; be two
different e-products. Then ¢, - e; > ¢y - ey for a small enough ¢ if .7 (e,) is smaller
than .7 (e,).

Lemma 3.2 is an immediate consequence of (3) and the fact that a small enough
¢ can compensate the influence of the constants ¢; and c,. Notice that it is
actually irrelevant which index pairs .7 (e;) and .7 (e;) contain. The only thing
of importance is the relative position of .#(e;) and .#(e;) in the ordering of all
sets of index pairs, where large index pairs are more significant in the comparison
of sets than small index pairs. Observe also that Lemma 3.2 holds if we increase
the value of § in the definition of the ¢-expansion. It turns out that this lemma
is the crucial property that allows us to prove that P(e), the perturbed point set,
is simple and that the orientation of d + 1 points in P(e) can be computed
efficiently.

LEMMA 3.3 The set P(e) is nondegenerate if ¢ > 0 is sufficiently small.
ACM Transactions on Graphics, Vol. 9, No. 1, January 1990.
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ProOF. To prove the assertion, we show that, for no choice of d + 1 mutually

distinct indices iy, i1, . . ., ig, the determinant of the matrix
fg-8—1 ig-0—2 ig-6—d
i1 £ Tig2 + e cee Wia Tt e’
ip-6—1 iy-6—2 i -6—d
1!'1'1,1 +£3Zl 7'l'i1,2+821 Wil,d'l'szl 1
Ale) = : : . : ; (4)
ig-8—1 ig-8-2 ig-8—d
7I','d’1 + £?2d 7Tid,2 + 82“‘ 7rid,d + €2ld ].
is equal to zero. To see this, we assume wlo.g that 0 < i < i, < ... < iy <

n — 1 and sort the terms of det A(e) in order of increasing exponents of e.
Specifically, det A is the first term, and

_1\fd/21 201:87dy 9iz--ld=Dy 4 9ia--1
( 1) € 3

the last one. Each term is of the form b - &°, for some constants b and ¢. Because
we can assume that ¢ > 0 is arbitrarily small, the absolute value of the first term
with nonzero coefficient b is bigger than the sum of all other terms. Furthermore,
such a term always exists since (3) guarantees that no two terms of the deter-
minant have the same exponent of ¢, and thus, such a term cannot cancel. For
example, the coefficient of the last term is (—1)'¥?' £ 0 and cannot be canceled
by any other term. Consequently, det A(c) does not vanish. [

As pointed out in the proof of Lemma 3.3, the most significant term of the
polynomial det A(e) is the determinant det A of the original coordinates. If the
orientation of the original sequence (p;,, p;,, - . ., p;,) is defined, then this term is
nonzero, which implies that the orientation of the perturbed sequence is the
same. This is reassuring since it shows that the perturbation does not change
nondegenerate relations of the original point set.

The curious reader might wonder why the perturbation is defined in the
peculiar form given by the e-expansion (2). As mentioned before, there are many
other choices that could be used, for example,

eli, j) = &
is such a possibility. This e-expansion would also work, but its implementation
is slightly more difficult than that of (2) (cf. Section 4.2). On the other hand,
many less “exotic” choices do not work. The remainder of this section illustrates
this by considering two choices of ¢(i, j) that appear simpler than (2). The two
choices are

e(i, j) = &'°% and e@,j)=0G-6+]j) e

In both cases, Lemma 3.3 does not hold. The reason for the failure is that both
expansions do not satisfy (3) and thus possibly lead to cancellations of e-terms
in det A(e). Such cancellations occur, for example, if all d + 1 points of the
sequence coincide with the origin. In this case, the matrix A (¢) equals

elio, 1) (i, 2) -+ elio, d) 1
e, 1) e, 2) -+ ey, d) 1
elig, 1) e(a, 2) --+ elig,d) 1
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If we define ¢(i, j) = ¢"°*/, then the second column is equal to ¢ times the first
column, which implies that det A(¢) = 0ifd= 2. If e(i,j) = (i - 8 +J) - ¢, then
the sum of the first and the third columns equals twice the second column; hence,
det A(¢) =0ifd = 3.

3.3 Homogeneous Coordinates

When we develop the primitive procedures for computing the orientation of
d + 1 points in Section 4, we represent a point by its homogeneous coordinates.
This representation is slightly more general than ordinary Cartesian coordinates
(it can also represent points at infinity) and leads to a slightly more uniform
procedural treatment.

Let p be a point in E9 and let (zC, 7§, ..., 75) be its sequence of Cartesian
coordinates. Point p has d + 1 homogeneous coordinates

H _H H, _H
(7717772’ ey Tg, 7rd+l)
such that
7rH
C i .
=, for 1=<i=<d.
Ta+1

Thus, p is 1/7%,, times the point whose Cartesian coordinates are equal to the
first d homogeneous coordinates of p. Notice that the homogeneous coordinates
of p are not unique; we still represent the same point p if we multiply each
coordinate by the same nonzero scalar. If we decrease the absolute value of =%,
without changing the other homogeneous coordinates, then p moves away from
the origin on a straight line and reaches “infinity” when «%,, becomes 0. Indeed,
p is “at infinity” if and only if #%,, = 0. Using homogeneous coordinates, it is
not allowed to have all d + 1 coordinates equal to 0—in this event, p is not
defined.

We next extend Lemma 3.1 to homogeneous coordinates; that is, we charac-

terize the orientation of a sequence of d + 1 points (p;,, pi,, . . - » Di,),
_ 4 H H H ., _H
Di, = (7l'i,,1, Ti,25 «»os Wi, ds 7"i,,d+1)»

in terms of their homogeneous coordinates. The orientation of a sequence of
d + 1 points is not defined if any of the points lies at infinity. In fact, it is not
possible to generalize the notion of orientation to points at infinity without
changing our interpretation of a point at infinity. For example, consider a
sequence S of d finite points and one point p = («¥, x¥, ..., x; 0) at infinity.
We can think of p as the limit of points

H H H
p(e) =(71'],71'2,...,7Td;€),

when ¢ > 0 goes to zero, but as well, we can think of p as the limit of these points
if £ is negative and approaches zero. If we replace p by p(e) with ¢ small enough,
then ¢ > 0 and e < 0 lead to different orientations. We thus restrict our discussion
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of orientation to finite points. Define

H H H
Tt Tig,z  *°" TWid+l
H H H
o1 T2 0t Tid+
A= ] . . ) (5)
H H H
i1 Tig2 °° Tigd+

If wf’ a+1 = 1, for 0 = v = d, then A is the same as the matrix A used in
Lemma 3.1. Otherwise, we can multiply the rows such that = ,,, = 1. The sign
of det A changes if we multiply a row with a negative number, which implies the
following result:

LEMMA 3.4 Let (py, pi, ..., pi) be a sequence of points with p; =
(i), wioy oo, mha, ' 4,)) and 7, ) # 0. Their orientation is positive if

sign(det A) = II5-o sign(n?,,,), negative if sign(det A) = —I1%_, sign(wfidﬂ),
and undefined if det A = 0.

In contrast to Cartesian coordinates, a point is now represented by d + 1
coordinates, which makes it necessary to choose 8 = d + 1 when defining the
e-expansion (i, j) in (2). With this, it is easy to prove that determinants cannot
vanish, which implies that Lemma 3.3 holds also for the new setting using
homogeneous coordinates.

4. IMPLEMENTING A PREDICATE

This section presents the actual implementation of a geometric predicate using
SoS. The chosen predicate determines the orientation of a sequence of points, as
defined in Section 3. Its implementation will be based on the ¢-expansion specified
in Section 3.2 (2) and on the fact that the orientation can be found by evaluating
the sign of a determinant as stated in Sections 3.1 and 3.3. The crux of the
implementation is that this determinant is a polynomial in ¢. The computation
of the sign of such a polynomial is discussed in Section 4.1. The coefficients of
the polynomial turn out to be subdeterminants of the original matrix. Based on
this observation, Section 4.2 gives an algorithm that generates these subdeter-
minants in sequence of decreasing significance by employing a special encoding
scheme. Finally, in Section 4.3 we briefly address the problem of sign computation
of integer determinants in general.

In Sections 3.1 and 3.3, we defined the “orientation” of a sequence of points in
d-dimensional Euclidean space given by Cartesian and homogeneous coordinates.
We now formally develop the corresponding predicate that uses perturbation in
the sense of SoS. In the Cartesian case, each point p, is given by its d coordinates

pu = (7I',,,1, ceey 7rV,d)’

whereas in the case of homogeneous coordinates a point is represented by a
(d + 1)-tuple

pv = (ﬂ-v,ly L ] 7ru,d; 7ru,d+1)-
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Let

P = {pO: LR ] pn—l}
be a set of n points in E¢, and denote by

P(e) = {pole), - .., pPr-1(e)}
its perturbed version using the e-expansion of Section 3.2 (2), assuming J is large
enough so that Lemma 3.2 is valid. Now define for d + 1 points with distinct
indices &, iy, . . ., i4, all in the range from 0 through n — 1,
Positivea(py,, . . ., pi,) = true
iff
the orientation of (p;,(¢), ..., p;,(¢)) is positive.

Degenerate cases can be neglected because we simulate simplicity. From
Lemma 3.1 it follows that Positive, is equivalent to the test of whether or not

sign(det A(e)) = +1,

with A(e) denoting the corresponding matrix of the perturbed Cartesian coordi-
nates as in (4). In the homogeneous case (see Lemma 3.4), we have to check
whether or not

d
sign(det A(e)) = [1 Sign(ﬂ'i,,dﬂ(c))-
v=0

Here, A(e) denotes the perturbed version of matrix A in (5), whose rows are
formed by the homogeneous coordinates of the points involved; that is,

Tig1 + e(lo, 1) w2 +e(io, 2) -+ a4 + e(lo, d + 1)

7l'i1,1 + C(il, 1) 7!','1,2 + S(il, 2) .. 7ri1,d+1 + C(il, d + 1)
Ale) = . .

i1+ e(la, 1) o+ e(ia, 2) - wyaer + e(la, d + 1)

At first sight, the development of such an e-determinant seems to be a painful
exercise. Yet, it will turn out that it is not that hard and can be achieved in an
algorithmically clean way. Anyway, to begin with something easy, consider

min+ e, 1) o + e, 2))

det Ax(e) = det(ﬂ.j,l +e(j, 1) mo+ e(j,2)

Let e((i1, j1)s -+« 5 Gk, Ju)) = [1 51 €, J.), and call it a k-fold e-product; e( ) =1 is
called the 0-fold e-product. Furthermore, assume i < j. When we now develop the
determinant, we get

det Ay(e) = + (’”’1 7“"2) o) -

i1 T2
—mj, - (i, 2) + mo - e(i, 1) + 6)
+m - (), 2) +1 - e((y, 2), (5, 1)) ~

—TWio 8(j’ 1) -1. C((j, 1)’ (ly 2))’
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where the terms are already sorted by increasing powers of ¢. Note again that the
first coefficient corresponds to the “unperturbed” determinant, that is, A,, whose
evaluation would be part of any implementation of the predicate—of course,
followed by the more or less awkward handling of all possible degeneracies.
Observe also that the coefficient of the fifth term is a constant, namely, +1.
Thus, the last two terms have no influence on the sign of det A;(e). Therefore,
the number of relevant terms of the e-polynomial det A;(e) is only 5, rather than
7, which is the total number of terms.

It is convenient to assume iy < - .- < iy (cf. (6)). This assumption, together
with Lemma 3.2, implies that the sign of det A(e) and det A(e) can be computed
without any further knowladge of the values of the indices. Clearly, this is not
the case in general, but can always be achieved by appropriate row exchanges in

AL VRS AT IR T Y contanmon charnaae Flha ctom nf tha Aot o v ot
Ale) Or Ale)—recall tnat eacnl excnange cnanges ne sign ol Lne aelerininarec.

For this, assume there is a procedure Sorty,((io, - - ., i), (ig, - -+, I5), 87) that
returns for a given sequence of d + 1 indices (i, ..., iq) the sorted sequence
(ig, «-., iy). Additionally, Sort,., returns s’, which is set to the number of

exchanges used. We can now implement predicate Positive; using two operations,

Qy No+ A A Qignlot 3 1
SignDet A and SignDet A, that compute the sign of the e-polynomials

det A(c) and det A(e), assuming iy < .- - < iy. Both functions will be discussed
in Section 4.1.

Predicate 2 (Positive). Let p;, ..., p;,be d + 1 points in E“ given in Cartesian
or homogeneous coordinates with distinct indexes all between 0 and n — 1. Then
the following pseudocode is an implementation of the predicate Positivey:

function Positiveq (p;,,...,pi,;) returns Boolean
local 4g,...,i, d', ', v
begin

501‘td+1((’i0, ey id), (‘I.i, ooy 1':1)’ S')

if Cartesian coordinates then

ma(e) o0 mpa(e) 1\
d' «— SignDetAgyq : : : :

(@) e ) 1)

mpale) oo miale) Wig,d+1(€)\|
d — SignDetAd+1 . * ' :

Tia(e) o mpale) maaia(e) }
if odd(s') then d' — —d’
if Cartesian coordinates then
return (d' = +1)
else
return (d' = Hd=0 sign(m;, 4+1(€)))
end
The problem is now to give efficient implementations for the two functions
SignDet Agy, and SignDet Ags,. We feel that it is important to stress that
“efficiency” is meant in a practical sense—in theory it can be done in constant
time anyway, assuming d is a constant.
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4.1 The Sign of a Perturbed Determinant

We now illustrate the implementation of SoS on the bottommost programming
level by implementing the function SignDet Ap, which returns the sign of
a D-by-D e-determinant det Ap(e) for any given D; primitive SignDet A can be
treated in the same way. To appreciate the significance of a (practically) efficient
implementation of SignDet Ap, we point out that this is in fact the major part of
SoS, at least when applied to the predicate described above. Provided that
o< --- <ip, we will show that it is possible without great effort to generate the
sequence of the coefficients of det Ap(e) in decreasing order of significance. Since
¢ can be assumed to be sufficiently small (but positive), the sign of the
e-polynomial is therefore equivalent to the sign of the first nonvanishing
coefficient.

Using simple rules for evaluating a determinant as exemplified for det A,(¢) in
(6), the coefficient of every term in det Ap(e) is a subdeterminant of the
“unperturbed” matrix Ap. Here, a single entry is called a 1-by-1 subdeterminant,
and by definition, the 0-by-O subdeterminant is equal to 1. To tell the whole
truth, we must mention that each coefficient in effect is a subdeterminant
together with a certain sign, that is, multiplied by either +1 or —1. We will see
in Section 4.2 how to decide whether +1 or —1 applies. To continue our discussion,
we need a few notations. We say that the (¢ + 1)st coefficient in order of
decreasing significance, denoted by det M:?, is the cofactor of depth t of
matrix Ap(e). Note that this coefficient already includes its proper sign. Thus,
det My» = +det Ap. The size of the corresponding matrix (i.e., the number
of rows or columns) is denoted by k, = k(M ). These definitions are illustrated
in Table I, which shows all significant terms of det A;(e). In the column with the
heading ¢,, we display the e-product associated with the cofactor of depth t.
Column v, will be explained later.

This leads to the pseudocode implementation of SignDet Ap shown below. It
assumes that i, < - .- < ip and that the sequence of subdeterminants, sorted by
increasing depth, is known. The code also requires a function SignDet.(®) that
calculates the sign of det & for a k-by-k matrix ®. The authors have not been
able to find an alternative way to determine the sign other than by computing
the actual determinant. Unfortunately, computing the (exact) determinant of a
matrix of integers demands the use of long integer arithmetic. More about that
in Section 4.3.

function SignDetAp (Ap) returns +1 or —1
local o, ks, t
begin
te— -1
repeat
t—t+1
ky — E(MPP)
o SignDetk‘(MtAD)
until ¢ # 0
return o
end
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Table I. The 5 Relevant Terms of det A,(e)

t ko ke v det M;* &

0 2.9 [3, 3; 3] +det<:1‘: :}z) ()

1 1.1 [2, 3; 8] —det(m;1) = —m;1) e(i, 2)

2 1.1 [1,3; 3] +det(m;2) = +mj2 (i, 1)

3 1.1 (2, 2; 3] +det(m;y) = +miy e(j, 2)

4 0-0 {1, 2; 3 +det() = +1 e((J, 2), G, 1))

Function SignDet Ap “scans” through the table of relevant subdeterminants.
Two lines of the pseudoccde, “k, < k(M:?)” and “o « SignDet, (M #0)” indicate
table lookups. In Pascal this could be implemented as a CASE-statement. For
D = 2, it would consist of five different cases as shown below:

CASE t OF
0: s := SignDet2 (Pil,Pi2,Pj1,Pj2);

1: s := -Sign (Pj1);
2: s := Sign (Pj2);
3: s := Sign (Pil1);
4: 5 = 1;

END;

If the depth counter is of no interest, one can even unwind the loop and come up
with the following code:
FUNCTION SignDetDelta2 (Pil, Pi2, Pj1, Pj2): Integer;
BEGIN
SignDetDelta2 := SignDet2 (Pil, Pi2, Pj1, Pj2);
IF SignDetDelta2 < > 0 THEN goto 999;
SignDetDelta2 := —Sign (Pj1);
IF SignDetDelta2 <> 0 THEN goto 999;

S'ignDetDeltaZ =1;
999: (* exit *)
END;
To give more insight into the computation of the terms of det Ap(e) in the
order of decreasing significance, we now consider the three-dimensional case,
that is,

‘miy e, 1) mo+ e(i, 2) mis+ e, 3)
det Az(e) = det( mia+e(j, ) ma+e(j,2) mst+e(,3)
Ty +oe(k, 1) mep + e(R, 2) mes + e(k, 3)

This polynomial has a total of 34 terms. However, only 15 of them are relevant,
and those are listed in Table II. There are two reasons why we only need
to test 15 coefficients out of a total of 34. One is that the coefficient of
e((k, 3), (J, 2), (i, 1)) is equal to +1, which is nonzero; we can therefore stop there
and consider no further terms. The other reason is that certain coefficients occur
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Table II. The 15 Relevant Terms of det A;(e)

t  ke-k v, det M} &

Tr1 Th2 Tp3

iy iz T3
0 3.3 [4, 4, 4; 4] +det<1r,~,1 T2 7I'}"3> E( )

1 2.2 [3,4,4;4] +detf™ T2 e(i, 3)
Trhal Tk
2 2.2 [2,4,44] —det|™r ™3 eli, 2)
Tht Th3
3 2.2 [L,4,44] +det{ ™ ™3 (i, 1)
Tho Th3,
R . —det| i1 Ti.z) .
4 2-2 (3,3, 4; 4] € <7I'k,l Th,2 et 3)
5 1.1 [2,3,44] +det(ms1) = +ms, £((J, 3), (i, 2))
6 1.1 [1,8,4,4] —det(msz) = ~ms2 e((J, 3), (G, 1)
. Tir T3 .
7T 02-2 (2,2 4:4] +det<ﬂ_m m) e(j, 2)
8 1-1 [1,24;4] +det(mys) = +mus e((j, 2), (i, 1))
. . ~det Ti2 7Fi,3> .
9 2.2 [1,1,4:4] e (m oy e(j, 1)
10 2.2 [38,8,3;4] +det<”"-1 "“2> e(k, 3)
Tj1 T2
11 1.1 [238,34] —det(n,) = -7, e((k, 3), (i, 2))
12 1.1 [1,83,84] +det(m,) = +m;, e((k, 3), (i, 1))
13 1.1 [2,2,84] +det(m,) = +m;, e((k, 3), (j, 2))
4 0-0 [1,2,34] +det()=+1 e((k, 3), (j, 2), (1, 1))

more than once, that is, with different e-products. For example,
det Ag(e) = -+ + mps - e((j,2), (5, 1)) -+ —ms - ((j, 1), (G, 2)) -+« (7)

Clearly, there is no need to test —m, 5 # 0, since at this depth +m, 5 = 0 is already
known; otherwise, the sign determination would have stopped immediately after
testing the coefficient of £((j, 2), (i, 1)).

4.2 Generating the Sequence of Significant Coefficients

The properly sorted sequences of e-terms of the polynomials det A,(e) and det
As(e) are apparently very regular. In the following, this regularity will be worked
out and exploited by an algorithm that automatically generates the correct
sequence of e-terms. This procedure can be embedded in an implementation of
the function SignDet Ap that computes the sign of det Ap(e). We agree that a
procedure that generates each term of det Ap(e) by collecting the proper rows
and columns of the original matrix is, in a practical sense, much slower than a
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straight-line program that scans through a fixed sequence of submatrices. How-
ever, in higher dimensions the former might be the better strategy, since the
likelihood of det M>2 = 0 for all 7 with 0 < 7 < t decreases very fast as t increases,
not to mention the fact that the tables of relevant terms for det Ap(e) become
rather long for large D. The algorithm to be described can also be used for
automatic generation of such tables and even for the automatic generation of

A T o AT o

codes implementing them.

We now discuss in detail how we can extract the individual terms of the
polynomial det Ap(e). Recall that a term is of the form b - ¢, where b is called
the coefficient and ¢° is the e-product of the term. If ¢° = ¢((i1, j1), - .., (ix, Jr))
(so it is a k-fold e-product), then we call (i, j.) active, for 1 < . < k. Given the
e-product of a term, we can extract the coefficient b from the given matrix by
crossing out all rows and columns that contain an active ¢(i,, j.). In order to avoid
extensive double indexing and index inversions, we assume that the points whose
coordinates are the entries in the D rows of the matrix A have indexes 1 through
D. This allows us to ignore the difference between a point index and the
corresponding row index. Indeed, this assumption is no loss of generality since
the only property used in computing the sign of det Ap(e) is that the point
indexes are sorted and, therefore, the actual values are irrelevant. With this
assumption, ¢(i,, j,) is in the ith row and the j.th column, and we cross out rows
i, lo, --., i and columns j;, js, ..., Jr. This leaves a (D — k)-by-(D ~ k)
submatrix. Table II illustrates these definitions for D = 3. If b - £°is the term of
depth ¢, then the notation in Table II is such that b = det M%7, ¢° = ¢,, and & is
the number of rows (or columns) of M:».

Note that we did not yet specify how we can decide whether b is —1 or +1
times the determinant of the submatrix. We now describe a rule that is based
on the number of transpositions needed to sort a certain permutation. For
row i, 1 <. =< D, let j, be the column such that (., j.) is active in the term that
we currently consider. By definition of a determinant, there can be at most one
such column, but it could very well be that there is no such column. In this case
we choose j, such that =, ; belongs to the main diagonal of the submatrix that
was obtained after crossing out rows and columns as described above. If the
number of exchanges needed to sort (ji, j2, ..., jp) is odd, then b = det M2 is
—1 times the determinant of the submatrix; otherwise, it is +1 times this
determinant.

Interestingly, the number of exchanges needed to sort the sequence
(jis J2» - -+, Jp) is even if and only if i, + j; is odd for an even number of pairs
(i, ji)s 1 = ¢ = k. To see this, notice that the total number of pairs (x, j,)
with «x + j, odd is even since

D D
2 k+j)=23% «
k=1 k=1

Now observe that (ji1, jo, . . ., jp) can be sorted using only exchanges of adjacent
columns, that is, of integers j, that differ by one. Note also that we can dispense
with all exchanges between two columns where both contain an active e(i, j) or
both do not. Thus, every exchange of two columns increases or decreases the
number of pairs (i,, j;) with i, + j; odd by one, which implies the claim. This
property will be used in the algorithm that computes the proper sign.
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The key observation that allows us to automatically generate the relevant
terms of det Ap(e) is that ¢((iy, j1), ..., (ix, Jz)) is the e-product of a relevant
term if and only if i; < --. <i,and j; < --- < j,. In other words, the ¢(i,, j,) go
monotonically from the left top to the right bottom of the matrix. To see this,
take an e-product that does not satisfy this condition, and consider the e-product
defined by the same 2% indices that is obtained by matching the smallest i, with
the smallest j,, the two second smallest indexes, etc. This new e-product is more
significant than the old one since the exponent of ¢ it defines is smaller than the
exponent of the old e-product. Furthermore, the coefficients that correspond to
the two e-products have the same absolute value, namely, the determinant of the
submatrix obtained by crossing out rows I, and columns j,, for 1 < . < k.

The algorithm that generates the e-products and their corresponding coeffi-
cients uses a vector

v=1{vy, ..., Up; Up+1]

where each v; is an integer between 1 and D + 1 and v; corresponds to the ith
row of det Ap(e); Up+1 is set equal to D + 1 and is used only for convenience. The

interpretation of v is as follows: To encode the e-product e((iy, j1), ..., (i, Jz)),
we set v; =j, for 1 <. < k. For every i such that the ith row does not contain an
active ¢(i, j), we define v; = v; with i, the smallest integer in {i,, ..., i, D + 1}

that is larger than i. Thus, v, in v implies that ¢(k, v,) is active if and only if
U, < U.+1. For example, v = [3, 4, 4; 4] implies that the e-product of the encoded
term is (1, 3). Other examples can be found in Table II, which gives the vectors
of all relevant terms in det Az(e).

The next problem we face is how to generate the terms of det Ap in the correct
order, that is, in the order of decreasing significance. Here we use the fact
that v = [vy, ..., Us; Up+1] encodes a more significant term than
v’ ={v], ..., U3 Ups,] if and only if v; > v/ for j, the largest index, such that
v; # vj'. This implies that v = [D + 1, ..., D + 1; D + 1] encodes the most
significant term and, indeed, it encodes ¢( ) = 1, whose coefficient is the deter-
minant of the entire original matrix. It is now easy to write a function that
computes for a given vector its successor.

function Nezt_v (v) returns Vector
local ¢, &
begin
t+—1
whilev, =1do it —:¢+1
v, v —1
for K — 1t~ 1 down to 1 do v, « v,
return v
end

The alert reader will have noticed that this function returns an “illegal” vector
if the input vector is [1, ..., 1; D + 1], which is not a problem, since the
determinant evaluation is such that [1, 2, ..., D; D + 1] already encodes a
nonzero coefficient, and thus there is no reason to call Next..v again.
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After initializing v to [D + 1, ..., D + 1; D + 1], successive calls to Next_v
give the desired sequence of vectors. It remains to be shown how the coefficient
of the encoded term can be computed. The procedure below decodes v and returns
the submatrix M obtained after deleting the proper rows and columns from Ap.
It also returns s equal to ~1 or +1, depending on whether the coefficient equals

—det M or +det M, and returns &, which is equal to the number of rows (or
onliimneg far that matia ) nf A

CULULILILG LUL UViIAv 1auuel y Ul (v,

procedure Matriz (v, s, k, M)
c]nhn] /\n D

local L
begin
M +— Ap
kD
8« +1
for : — 1 to d do
if v, < v,y then
{in this case (¢, v,) is active}
if odd(¢ 4 v,) then s — —s
delete row ¢ from M
delete column v, from M
ke—k-1
€I 11‘1

We can now modify the code of SignDet Ap by replacing the table lookup by
appropriate calls to Next_.v and Matrix. With additional modifications the same
algorithm can be used to generate the table of relevant terms in det Ap(e) or
even to generate the corresponding code for SignDet Ap for any D. Note that, in
the latter case, the loop in SignDet Ap is to be repeated only until k, = 0, since

n “generating mode” the values of the determinants are not computed and thus
there is no natural abortion of the cycle of calls. The result for D = 4 can be seen
in Table VI in the Appendiz.

A nice feature of the above algorithms is that we only need to change the
initialization of v to lu, ey D; Uj to get an 1mplemei‘1bauuu for olgnum Ap that
computes the sign of the e- polynomlal det A(e). For this case, the loop over all
relevant terms has to be repeated either until the corresponding cofactor is
nonzero or, if we are in “generating mode,” until k, = 1. See Tables III-V in the
Appendix for the relevant terms of det Ap(e) for D = 2, 3, 4. It seems worthwhile
to mention that Cartesian coordinates should be used whenever possible. This
reduces the problem roughly by one “dimension,” as compared to the homoge-
neous case (cf., e.g., Tables II and IV).

The presented e-polynomials det Ap{e) and det Ap{e) illustrate that the
computational overhead caused by SoS is acceptably small. One has to keep in
mind that the most significant term of these e-determinants corresponds to the
original determinant that expresses the primitive. So, there is no way around the
evaluation of the sign of this determinant for any implementation. If the input
data are nondegenerated, the cost of SoS is obviously zero, and in general, it is

rather unlikely that the polynomlals have to be evaluated down to large depths.
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Indeed, the largest depth or the sum of all depths that occurs in a computation
can be used as a measure for the degree of degeneracy of the input data.
By evaluating the subdeterminants, we systematically take care of all possible

degenerate cases. Take, for example, the evaluation of det As(e). Different cases
can he distinouiched ]nv lnn]nno' at the larcest denth ¢t reached durine the

VQil MU RiSUaliguiSiiTia BRUAVIQ Ve Qv vaal Qiglou QUPUIL Umpax 4 TALVIAACR WRUiilly wiil

computations. This t.,, can be O, 1, 2, 3, or 4, and the corresponding degeneracy
is as follows (compare with Table IV in the Appendix):

tmax = 0: The three points p;, p;, and p, are in general position.

tmax = 1:  The three points are collinear, but p; # p, and the line containing the
three points is not vertical.

tmax = 2:  The three points lie on a common vertical line, but p; # p:.

tmax = 3:  Point p; coincides with p,, but not with p;, and the line through p; and
D; is not vertical.

tmax = 4:  All three points lie on a common vertical line, and p; = p.

It would be interesting to see this somewhat unnatural case analysis in greater
detail since it gives a nonobvious breakdown into degenerate cases that has
curious properties.

This discussion completes the implementation of SoS with respect to the
predicate Positive, for point sets in E%. We considered both the Cartesian and

t+tha hamacanamia cace Tha Loy waa +0 Find o mathad that gonaratog tha nreanaw

l/llU uuulvscucuuo vanc. LILU [Ty vwao v uuu a 111ouiiva viiav scuclabco bllc lJl.UlJUl.
sequence of relevant terms of det Ap(e) and det Ap(e) ordered by decreasing
significance. With this, the implementation of the functions SignDet Ap and
SignDet Ap was easy. We will see in Section 5 that both functions can also be
used to implement other predicates.

4.3 Remarks on the Sign Computation of Determinants

In the previous sections, we reduced all computations to a sequence of sign
evaluations of determinants. In the primitives discussed in this paper, the
matrices are at most of size (d + 2)-by-(d + 2), d the dimension of the space, and
all elements are assumed to be integers. Theoretically, the sign of such a
determinant can be determined in constant time if we assume that d is a con-
stant. This assumption is indeed fair since SoS is intended primarily for low-

dimensional geometric comnutations. In practice hnwpvpr it 1s imnortant to

.............. proLILELINC COINPULALIGIIS, 211 piallile, II0W av is HDpoltally

optimize the sign computation since it will be in the innermost loop of every
program that uses SoS—which does not mean that this issue is less important
for programs not employing SoS. We remark on a few methods that can be used
to get speed in these computations.

One important condition that we have to meet is that the sign of the determi-
nant has to be computed exactly—we cannot tolerate a +1 for a 0, etc. Assuming
that the coordinates or parameters are integers, we can use either long integer
arithmetic or modular arithmetic based on the Chinese remainder theorem. For
details on both methods, refer to [16]. If we actually compute the determinant in
order to find its sign—and no method is known to the authors that avoids the
actual Corﬂpuuauuu of the ueterrx‘unam—wc have to be prepareu to deal with
numbers of absolute size at least u”, where u denotes maximum absolute value

of any data item and D denotes the largest size of matrices we work with. To see
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this, just take the D-by-D matrix whose entries are all zero except for the ones
in the main diagonal, where they are equal to u; the determinant of this matrix
is uP. An upper bound on the absolute value of the determinants is given by a
well-known theorem of Hadamard that states that

D

D
|det(wy.. p1..0) = 11 > 11'?,1 < uPDP2,
i=1 j=1

Among other things, this upper bound on the absolute value of a determinant
gives us an upper bound on the number of computer words needed for the
computation if we use long integer arithmetic.

Without any hardware support, long integer arithmetic is very time consuming,
which might motivate us to resort to the use of approximation methods. Any
computation of the determinant using floating-point arithmetic of bounded
length is such an approximation. Floating-point arithmetic is usually rather fast
since it enjoys the needed hardware support on most of today’s computers. If the
value that we get is sufficiently far from zero, we can be sure that the correct
value is different from zero and lies on the same side of zero. But how can we
quantify “sufficiently far from zero”? In any case, we could now use Gaussian
elimination (see, e.g., [13]) that takes O(D?® time or asymptotically faster
methods based on matrix multiplication as described, for instance, in {1]. We do
not believe that the latter methods could be of any practical use, though. However,
if the value that we get is suspiciously close to zero, we have to use some other
method to determine the sign of the determinant.

Finally, we would like to mention that the determinant of a D-by-D matrix
can be expressed in terms of subdeterminants, and that some of these subdeter-
minants might later appear again when the evaluation of det Ap(e) or det Ap(e)
proceeds. It is conceivable that the values of such subdeterminants are saved and
used again when needed. Even so, we do not believe that such a method could
lead to significant savings since we expect that, on average, only very few terms
of the e-determinants are needed.

5. FURTHER APPLICATIONS OF SOS FOR DETERMINANTS

In this section we demonstrate that the algorithmic solution to many geometric
problems can be based on primitive operations that compute the sign of deter-
minants. Those include problems that deal with objects different from points.
There are two major reasons why determinants are useful beyond problems for
points. One is that more complicated geometric objects are often given by a finite
set or sequence of points. Examples are line segments given by two points and
triangles specified by three points. This will be illustrated in Section 5.1, which
revisits the Parity Algorithm discussed in the Introduction. The other reason
(and this is the more profound although less obvious of the two) is that other
objects can be thought of as points in a different space. Take, for example, a
hyperplane in d dimensions. It can be specified by a linear relation of the form

Mmxy + n2Xa + -+ + NaXa + Mg+ = 0.
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Multiplying this relation with a nonzero constant does not change the hyperplane.
This suggests that we think of the hyperplane as the point with homogeneous
coordinates

(771’ N2y ««« 5 Nd> nd+1)

in d dimensions. This view of hyperplanes will be discussed in more detail in
Sections 5.2 and 5.3. Of course, an n-gon specified by a sequence of n points in
the plane can be interpreted as a point too—in this case it is a point in 2n
dimensions. However, in contrast to the former case, this view is not likely to
lead to any useful application of determinants since it becomes increasingly
expensive to compute them as the size of the matrix increases. Finally,
Section 5.4 shows that even nonlinear geometric objects such as circles and
spheres can profitably be interpreted as points in low dimensions as well.

By no means do we believe that the list of applications for primitives concerning
the sign of determinants, as presented in this paper, is exhaustive. In fact,
because of the versatility of determinants, an enumeration of their applications
in geometric computation is far beyond the scope of this paper. We agree though
that such an enumeration is a challenging task.

5.1 Point-in-Polygon Test

Recall the Parity Algorithm for the point-in-polygon problem sketched in the
Introduction. In order to test whether a given point p lies inside a simple polygon
P, the algorithm intersects the horizontal half-line r, whose left endpoint is p,
with all edges of polygon P. If the number of edges intersecting r is odd, then p
lies inside P, and if this number is even, p lies outside. The subtlety of this
algorithm lies in the treatment of special cases since the above characterization
holds, in general, only if we introduce certain artificial counting mechanisms
whenever r contains a vertex or even an entire edge of P. In this section we show
that the test of whether or not an edge intersects the horizontal half-line r can
be reduced to computing the signs of certain determinants. SoS is then used to
simulate a perturbation of the point and the polygon that removes all degenera-
cies. The algorithm assumes that P is given by a sequence of vertices
(vy, U2, ..., v,) and that all coordinates including those of p are integers.

We now consider the problem of testing whether r intersects an edge e of P
given by its two endpoints. Let u = (v, v;) and w = (w;, w2) be the two endpoints,
and recall that p = (m,, 7;) is the left endpoint of r. Because of SoS we can
assume that u, w, p are not collinear and that no two of the three points lie on a
common horizontal line. Note first that r and e intersect only if the second
coordinate of p lies between the second coordinates of u and w. Assume vy < w,.
If indeed vy < T2 < wq, then r N e # & if and only if (u, w, p) defines a left turn
(see Figure 3).

It is now not very difficult to develop this case analysis into a predicate that
tests for intersection. To perturb the points, we use the same e-expansion as
described in Section 3.2:

That is, we replace v; = (v;1, vi2) by vi(e) = (vi1(e), »i2(e)), where
vi;j(e) = vij + ¢(i, j) with (i, j) as in (2). For a uniform treatment, we define
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90 . Simulation of Simplicity

(a) (b) (o)

Fig. 3. The three cases to consider for r N e using SoS. In (a), r and e do not intersect
since the second coordinate of p does not lie between those of u and w. In (c), they do
not intersect since (u, w, p) is a right-turn.

p = vo = (vo,1, Vo2), and write the predicate for arbitrary three vertices rather
than for v, and two successive vertices of P.

Predicate 3 (IntersectHalfLine). Let v;, v;, and v, be three vertices with pairwise
different indices 0 < i, j, k < n. The following pseudocode returns true if the edge
from v;(¢e) to v, (e) intersects the horizontal half-line whose left endpoint is given
by v;(e), and false otherwise:

function IntersectHalfLine (v;;vj, vk) returns Boolean
local #, j', k', ', d'
begin
W.Lo.g. assume Smaller(v;2; Vi, 2)-
if Smaller(v;2; vi2) A Smaller(v;2; vi,2) then
SOTta((i, j: k)) (il, j,, kl)’ 3')
vpa(e) vpale) 1
d « SignDetA;; lljl’l(E) uj:,z(e) 1
l’kl’l(e) l/klyg(e) 1
if odd(s') then d' «- —d’
return (d' = +1)
else
return false
end

A few remarks are in order. When the above function is applied to the point-
in-polygon problem, i = 0 always holds. Thus, the sorting of (i, j, k) can be
reduced to a single comparison between j and k. Furthermore, to avoid all
degeneracies for the point-in-polygon test, it is sufficient to perturb only the
point p = v,. Indeed, if

Vi1 (e) Vi () 1
det{ ;. vie 1]=0,
Ve Vi,2 1

then we necessarily have v;; = v, » # v;5(¢), and therefore, the determinant does
not even get evaluated. The savings one gets this way are only nominal, which
we interpret as an argument for the efficiency of our general method.

The remainder of this section is used to comment on what happens if the test
point p lies on the boundary of the polygon P. If we use the above primitive as
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is, SoS will neglect this special case and find that p lies on either side of P’s
boundary. The decision depends on the relative positions of p and the vertices of
P, and we might as well assume that it is arbitrary although consistent. Such a
decision may or may not be desirable. If it is not acceptable, one could test
whether or not p lies on the boundary of P before running the Parity Algorithm
with SoS. Once more this test can be reduced to computing signs of determinants.

5.2 Hyperplanes in Euclidean Space

Algorithms for hyperplanes play a central role in computational geometry. This
becomes obvious when one thinks of the importance of problems such as linear
programming, computing the intersection of half-spaces, and constructing
arrangements of hyperplanes (see [9] and [19] for further details and references).
The goal of this section is to demonstrate how the techniques of Section 4 can
be used to implement a typical primitive operation needed in those algorithms.
This will open up an entire class of problems to the use of SoS. The main tool
that lets us exploit the techniques of Section 4 when we handle hyperplanes is a
duality transformation that maps hyperplanes to points and vice versa. In
essence, this transform is nothing but a reinterpretation of what hyperplanes
and points are.

In this section we assume that a hyperplane h in E is specified by its nonzero

normal vector @ = (aq, ..., ag) and a number, —ag4.:, called the offset. Now, a
hyperplane h consists of all points x € E? such that
{(x, a) + ag+1 = 0; (8)

that is, the scalar product of x and a equals the offset. Notice that the hyperplane
does not change if we multiply the normal vector and the offset by some nonzero
number. We define h* as the point whose homogeneous coordinates are
(au, - - ., g} age1). Geometrically speaking, h* lies on the line through the origin
defined by a, and the distance of h* from the origin is the inverse of the distance
between h and the origin. This can easily be verified after observing that | ag+1 |
is the distance between h and the origin, provided a has a unit length. Note also
that the origin lies between h and h* (see Figure 4). Conversely, for a point p
with homogeneous coordinates (m;, 72, . . ., Tq; Ta+1) We let p* be the hyperplane
with normal vector (m,, 72, ..., 7q) and offset —mwg4,.

It is straightforward to show that this transformation preserves incidences;
that is, p € h if and only if h* € p*. Indeed, it is a triviality when one remembers
what p € h means algebraically, namely, that

T Xy + Moy + .- + Td g + Tag+18%d+1 = 0.
It is equally easy to prove that this mapping preserves the relative order between
a point and a hyperplane. To describe what exactly we mean by this, define
h* = {x]|{(x, a) + ags:1 > 0} and h™={x|(x,a) + ags; <0},

and call those the positive and negative sides or half-spaces of h. By order
preservation we mean that p € h* if and only if h* € p**. Here, a warning is
appropriate to avoid future confusion. If we multiply the normal vector and the
offset of a hyperplane h by —1, we do not change the hyperplane, but we do
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L2
Fig. 4. Mapping a line to a point and vice x
versa.
z1
* _ (1 _ P
h* = (=1,-1)- h:zi+z3—1=0

change the sides of h; what was previously its positive side is now its negative
side and vice versa. We will take advantage of this curiosity by encoding the
positive and negative sides into the hyperplane’s specification. Note that, geo-
metrically, the normal vector of a hyperplane h points to its positive side.

The primitive operation that we wish to tackle in this section is to decide on
which side of a hyperplane h;, the intersection of d other hyperplanes

hi, ..., hi,_, lies. By the use of SoS, the absence of any kind of degeneracies can
be assumed; so h;,(¢) through h;, () intersect in a unique point that does not lie
on h;(¢). By Cramer’s rule, the intersection point p = (xy, 7s, ..., m4) of d
hyperplanes is given by the coordinates
_ det Ad,i
T det Ay

where A, is the matrix

X1 gz vt Ogd
&1 Q2 te & d
Hig g1 iy 2 0 Qg 4

and A, ; is the same matrix after replacing the ith column from the left by the
vector

TQ,d+1
&, d+1

—Q,_,d+1
Point p lies in the positive half-space of h, if and only if
Ty + Tooy, e + o+ Taoy, g+ oy, > 0.
Provided that det A, is positive, this is equivalent to
det Agiey,; + det Agpoi,z + -+ + det Agqa;, g + det Agoy, q41 > 0.

In case of a negative det A,;, the above statement is valid after reversing the
direction of the inequality. Consequently, p € h} if and only if

det Agyy - det A; > 0.
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This can be seen by developing

Qi1 *iy,2 s Xiy,d &y, d+1

1 a2 cee A d & d+1
det Ad+1 = det

Q1 Qg 20 o0t O, L4 Oy d+1

2981 2 tee id Ny d+1

using the last row. Now, we can use this to write a procedure that decides on
which side of a hyperplane d other hyperplanes intersect. It uses SoS, as described
in Section 3.3.

Predicate 4 (OnPositiveSide). Let h;, h;, ..., h;, be d + 1 hyperplanes in d
dimensions, given as in (8), and with distinct indexes 0 < iy, iy, ..., la<n — 1.
The following function, written in pseudocode, returns true if the intersection

d—1

=6 hi,(¢) lies in the positive half-space of h, (¢), and false if it lies in the
negative one.

function OnPositiveSideg(hiy, . .., hi,_,; hi,) returns Boolean
local if,...,85_ 4, 8, &', 45, ..., 39_y, 75, 8", d"
begin

SO’I'td((io, seay id_1), (26, ceey i:i—l)’ 8’)

Sortar1((foy. .-y td—1, id), (’Lg, ceey i:i'—l? zfi’), 3"

Qi (¢) ai{,,z(e) e ai{,,d(s)
. ai;,1(5) oy a(e) - ai;,d(e)
d' = SignDetAy . ) .
ai;_l,l(e) ai;_l,z(e) o ai;_l,d(e)

if odd (s') then d' — —d’
apa(e)  ama(e) o0 apale)  aman(e)
ama(e)  oura(e) oo amale)  aupaia(e)
d" — SignDetAgyq : . : :
an a(e) aig_,,z(ﬂ) o d(e) aig_l,d+1(5)
opa(e)  ouma(e) oo amale)  eumaia(e)
if odd (s") then d" — —d"
return (d' = d")
end

5.3 Nonvertical Hyperplanes

In many applications we know that all hyperplanes we have to deal with are
nonvertical; that is, they intersect the dth coordinate axis in a unique point.
Examples are Voronoi diagrams or, more generally, power diagrams for arbitrary
order and weighted Voronoi diagrams (see, e.g., [2] and [9]). It is beyond the
scope of this paper to describe how the data for those problems are used to
generate hyperplanes; it will be enough to know that they are obtained via
geometric transforms that do not create vertical hyperplanes.
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A nonvertical hyperplane A in d dimensions can be specified by a relation of
the form

a1 X1+ agxe + -0+ ag_1Xg—1 + Xa + ay = 0. (9)

The advantage of describing a hyperplane using this form rather than the one in
Section 5.2 is that it takes only d parameters rather than d + 1. This will lead to
some savings when it comes to computing signs of determinants (cf., e.g., det A,
in Table VI and det A, in Table V). Since every hyperplane A is now nonvertical,
we can uniquely define what we mean when we say that a point lies (vertically)
above or below h. Define

At ={x = (x;, ..., %) lanxy + -+ + agy + x4 + ag > 0},

andlet h~ = E? — h — h*. A point p is said to lie above h if p € h* and below h
ifpeEh”.

The primitive operation that we consider in this section decides whether the
intersection of d hyperplanes h;, ..., h;,_, lies above or below hyperplane h,.
The use of SoS as in Section 3.2 allows us to assume that indeed h;, through
hi, , intersect in a unique point that does not lie on h;,. A decision procedure
based on comparing the signs of the two determinants can be derived from the
procedure given in Section 5.2. We just replace all «; 4(¢) by 1 and exchange the
last two columns of the second matrix in function OnPositiveSide,. This leads to
the following predicate:

Predicate 5 (Above). Let h;, h;, ..., h;, be d + 1 nonvertical
hyperplanes in E¢, specified as in (8), and with pairwise different indices 0 < i,
i,...,lg<n— 1. The following predicate returns true if the point of intersection
ﬂ‘;;(l, h; (¢) lies above h;,(¢), and false if it lies below h;,(e).

function Aboveq(hiy,...,hi,_,; hi,) returns Boolean
local if,...,%)_, 8, &', g, -..,84_q, 4, 8", d"
begin
Sorta((Goy -+ +y%d—-1)s (30 - -5 %4_1)>8")
Sortar1((Zoy .- +ytd—1s%d)s (103 + -2 5g_1124)s 8")
apa(e) o apga(e) 1
d' = SignDetAq4 : :
oy ale) oo oo aa(e) 1
if odd (s') then d’' — —d’
ama(e) oo amgi(e)  apale) 1
o a(e) <0 e ai(e) ai dle) 1
ama(e) o0 emaa(e)  amale) 1
if odd (s") then d" — —d"
return (d' # d")
end

d" «— SignDetAgyq
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5.4 In-Sphere Test

In d dimensions any d + 1 affinely independent points (i.e., points that do not
lie in a common hyperplane) define a unique sphere that goes through the d + 1
points. For example, in two dimensions there is a unique circle through any three
noncollinear points. Given d + 2 points py, pi, - . . , Pa+1, the problem we address
in this section is how we can determine whether py., lies inside or outside the
sphere specified by the first d + 1 points, assuming this sphere is unique. Such a
test is useful for constructing Voronoi diagrams (as shown in [15] for
d = 2) and other problems where circles and spheres play a role.

An elegant solution to this problem can be given using a transform that lifts a
sphere in d dimensions to d + 1 dimensions where it is represented by a
hyperplane. This transformation can be traced back in the literature to [21] and
has since been used throughout the computational geometry literature (see [9],
[15], and [19]). For the case of circles in the plane, we explain this transformation
in detail and finally phrase the predicate for general dimensions.

Let U: x; = x% + x% be the paraboloid of revolution whose symmetry axis is the
xs-axis, and let

e (X = v1)2 + (x2 = v2)® = 3

be a circle in the x; x,-plane. Note that (y4, v2) is the center of the circle and v;
is its radius. The lifting map transforms ¢ to the plane ¢* in three dimensions
given by the equation

c*: X3 = 271351 + 2’)/2x2 - (’y% + ’Y% - ’Y%).

The quick reader will already have verified that the vertical projection of
U N ¢*, which is an ellipse in three dimensions, onto the x;x.-plane is equal to
the original circle c. A point p = (x,, 7,) lies inside ¢ if and only if its vertical
projection onto U lies below c¢*. This insight gives us some hope that, in fact, the
problem can be bent such that Predicate 5 from the previous section is applicable.
Before we continue our exploration in this direction, let us understand how the
original statement of the problem and the lifting map are connected. Recall that
there are four original points, which we call py, p:, p2, and p;. The first three
determine the circle ¢ and therefore the plane c¢*. Moreover, if we project them
vertically onto U, then c* is the plane through these points on the paraboloid U.
The question is now whether p; = (731, 732, 731 + 7m%,), which is the vertical
projection of p; onto U, lies below ¢* (in which case p; lies inside ¢) or above c*
(then p; lies outside c¢). By the use of SoS, we can assume that the four points
are in general position.

This problem can be mapped to the plane problem of the previous section if
we use a dual transform. This transform replaces each point on U by the unique
plane whose intersection with U is this point. If p; = (7, 73, 75 + 73), then the
formula for this dual plane is

p*: X3 = 27l'1x1 + 2772x2 - (71'% + W%).
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We see that this is indeed the lifting map applied to point p = (7, 7,) in the
x1x2-plane. This duality transform preserves incidences and above-below order
in a way similar to the duality transform described in Section 5.2. This leaves us
with the following correspondence between the original point-circle problem and
the derived plane-point problem: Point p; lies inside ¢ (the circle through points
Do, P1, and py) if and only if the intersection point of the planes pg, p¥, and p}
lies below p;. The statement is also valid if we replace “inside ¢” by “outside ¢”
and “below p;” by “above p¥.”

We leave the generalization of this two-dimensional exercise to three and
higher dimensions to the curious reader. In any case, Predicate 5 can now be
used to implement Predicate 6, which formalizes the in-sphere test in d dimen-
sions. If we apply Predicate 5 directly, we will find ourselves computing the sign

of determinants of the form

2mpn e 2wy —(mhy + s+ wha) =1
det

2 2 —
27rid+1:1 U 27rid+l,d (ﬂ'id+l:1 + -+ 7rid+1,d) 1

The sign does not change if we divide the entries in the left d columns by 2.
Similarly, we can remove the minus signs in the last two columns without
changing the sign of the determinant. However, there remains one problem with
determinants of the above type, and this is that the values in the (d + 1)st
column from the left depend on the values in the left d columns. In particular,
with SoS, the ¢-expressions of the point coordinates appear in mixed products in
the (d + 1)st column. This turns out to be a real pain when we implement SoS
for this type of determinants. A cheap trick that handles this problem is not to
perturb the original points, but rather to perturb the vertical projections onto
the paraboloid in d + 1 dimensions. In effect, this means that we introduce

d
i d+1 = 0 7!'?”., for 0=x=d+1 (10)

r=1

and then perturb the points (1, ..., m; 4, 7 4+1). Because the perturbation
of the (d + 1)st coefficient does not depend on the first d coefficients, this im-
plies that the points are perturbed away from the paraboloid U. On the other
hand, if the perturbation is small enough we are still close enough to the original
situation.

Predicate 6 (InSphere). Let p;, pi, ..., Di,,, be d + 2 points in d dimensions
with pairwise different indices in the range from 0 through n — 1. The program
below returns true if the perturbed image of p;,,, lies inside the sphere through
the perturbed images of the first d + 1 points, and returns false if it lies outside.

function InSpherey (piys . - - Pisi Pigy, ) Teturns Boolean
! o ! i I " "
local 4y,...,3), §', d', g, ..., 93,14, 875 d
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begin

Sortgp1((Goy--+r3d) (3gy -« -2 74), 8')

Sortgya((50s- - -y idstat1)s (805 - - > U Bgy1)s 8")
mia(e) o0 mpale) 1
d' = SignDetAgyq .., :
mra(e) o0 mpale) 1
if odd (s') then d’' — —d'
Set m;, 441 as in (27).

mma(e) - mpae)  mpgpa(e) 1

d" — SignDetAgy2 : ’ ’ :
mua(e) oo maa(e)  maga(e) 1
T.ildl+1‘1(€) “ee Ti:i’-f-l’d(e) 7ri:il+1’d+1(€) 1

if odd (s") then d" — - d"
return (d' # d")

end

Note that the rightmost column of the first matrix in the above program
should really consist of —1s. To stress the similarity with predicate Above,.; in
the previous section, we replaced the —1s by +1s and thus changed the sign of
d’. This effect is compensated by the fact that we want to return true where
function Above,., returns false.

6. REMARKS AND DISCUSSION

The main contribution of this paper is the introduction of a general technique
that can be used to deal with degenerate input for geometric programs. The main
purpose of this paper is to demonstrate that this technique (which we call SoS,
the Simulation of Simplicity) is immanently practical, despite its high-powered
appearance. Indeed, the authors believe that SoS will become a standard tool for
implementing geometric algorithms. A pragmatic consequence of this technique
is that authors of geometric algorithms can now be more confident about the
implementability of their algorithms even in the presence of any conceivable
degeneracies, provided SoS is applicable to their algorithms.

This raises the question of determining the limitations of SoS—what are the
properties of an algorithm that allows us to use SoS when we implement it? One
important feature of algorithms that are amenable to SoS is that their algebraic
computations are of constant depth. The deeper the algebraic computation, the
more complicated is the polynomial (or, in general, the function) in ¢ generated
by SoS, and the less tractable is its evaluation. Another limitation of SoS is the
necessity of absolute precision in the evaluation of algebraic formulas. As long
as square roots can be eliminated by squaring the equation and similar techniques
can be used to remove other irrational functions, this is not a problem, but there
are cases where it is not that easy. Typical examples for such problem cases are
algorithms for shortest path problems in a geometric setting. Take, for instance,
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two piecewise linear paths in the Euclidean plane. The length of each path is the

S anmiare rante of intacare (agaiiming the andnaint conrdingtaa ara intagara)

oulll UL o\.lucuc 1LUUVLLD Ul IIIUUSULD \aoouuuus l/llc UlluPUlllb LUUILULLIALTD alT III\ICEUID’
Deciding which one of the two paths is shorter is a difficult question unless the
number of square roots is very small. On the other hand, deciding which one of
two paths is shorter is not exactly the kind of problems that SoS was invented
for.

Another problem is that algorithms employing SoS produce results for the
perturbed set of objects rather than for the original ones. In certain settings,
such as in computer graphics, this fact can often be ignored. However, when

“ramnartiirhad?” raciilta ara naadad anme noginracessinge hag +0 ha narfarmad Thi

ULIPTILULUTU  IODULIWD alc u(,cucu, some PUDSLPLULTODLILE JJCID LU VT PUiiviLLICU. 1 lllb
paper does not deal with this issue, and further work has to be done. Nevertheless,
in most of the applications mentioned in this paper the postprocessing step is
more or less trivial:

—In the point-in-polygon problem, one can simply add a test of whether or not
the query point lies on a houndary edge.

—In the case of Voronoi diagrams or arrangements of hyperplanes, we identify
and eliminate zero-length edges or higher dimensional faces of zero measure.

—In the convex-hull setting, it is possible to undo the perturbation simply by
merging adjacent faces if necessary; for example, in two dimensions, adjacent
edges that lie on a common line, and in three dimensions, adjacent triangies
contained in a common plane.

It is rather difficult, however, to use SoS or any other

finding all data points on the boundary of the convex hull. ThlS is because the
perturbation may decide that a point is inside the hull if it lies on a boundary
edge or face. In this case the point would be prematurely discarded. We refer to
[23] for a more extensive discussion of the limitations of symbolic methods aimed
at resolving robustness problems in geometric algorithms.

In order to increase the credibility of our claim that SoS is indeed a practical

programming tool, the second author compiled a prototype version of a SoS
library [17] and implemented the three-dimensional edge-skeleton algorithm of

(8]. We beheve it is falr to say that this algorithm is an extraordlnary challenge
for someone who wants to do it without SoS. From run-time profiles of this
program, we learned that most of the computing time was spent on multiplying
long integers in order to compute signs of determinants. The speedup that we
got in our implementation from replacing long integer by normal (built-in) integer
arithmetic was a factor somewhere around 10. Of course, for the normal integer
arithmetic to work we severely restricted the range of the coordinates that were
used. In any case, this makes it clear where future work has to go if we want to
produce programs that are reliable and that are as fast as software that uses
floating-point arithmetic and is therefore inherently unreliable. The most prom-
lSlIlg Wdy to eummate Eﬂlb overneaa Id(,LOI' seems to ue l/Ile ueblgn Ul a SPEle.l
piece of hardware that computes the sign of determinants for integer matrices.
Such effort seems justified by the versatility of determinants demonstrated in
Section 5. We would like to mention, though, that even without the availability

of such specialized hardware we believe that SoS is of practical value in imple-
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Table III. The 2 Relevant Terms of det A;{e)

¢ k- ke v, det M} &

0 2.2 (2, 2; 2] +det<”"'1 1) ()

i 1

1 1-1 [1,2; 2] +det(1) = +1 e(i, 1)

Table IV. The 5 Relevant Terms of det A;(e)

t Rk v det M» e
i1 T2 1

0 3.3 [3,833 +det]m, m. 1 ()
Te1 Th2 1

1 2.2  [2,3,%3] —det("f-‘ 1) e(i, 2)
Tr,1 1

2 2.2  [1,38:3] +det<7rj’2 1) e(i, 1)
Tk,2 1

3 2.2  [2,283] +det<""-‘ 1) e(j, 2)
7I'k'1 1

4 1-1 [1,2,3; 3] +det(1) = +1 e((j,2), (5, 1))

menting geometric algorithms. Aside from the obvious savings in time and effort
for the programmer, it seems to us that the use of SoS is currently the only hope
for producing geometric software that is in any sense reliable.

We end this section by pointing out a new direction for further research: the
systematic study of primitive operations used and needed for geometric algo-
rithms. If one undertook the venture of building a library of primitives for
geometric algorithms, besides computing signs of determinants, what other
operations would have to be in the collection? Is it even clear that computing
the sign of a determinant is such an indispensable operation, or are there less
expensive ways to determine the orientation of d + 1 points in d dimensions?

APPENDIX

In this appendix we give the relevant subdeterminants, sorted in sequence of
decreasing significance, needed for computing the signs of det Aq(e), det As(e),
det A (e), and det A,(e). Each sequence is given in Tables III, IV, V, and VI,
respectively, which also show the corresponding e-product ¢, and the size k, of
the matrix M> (M) associated with the (¢t + 1)st significant term in the
e-polynomial det Ap(e) (det Ap(e)). The third column of each table shows v,, the
vector that encodes the subdeterminant of depth ¢. Recall that this vector was
used to produce the proper sequences of subdeterminants by successive calls of
procedure Next_uv.
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Table V. The 15 Relevant Terms of det A4(e)
¢ k.- ke v det M3+ &
T Wiz wia 1
0 4.4 [4,44,44]  +def "t T2 Ts 1 ¢()
Thy Thz Ths 1
JTi,1 T2 T3 1
T M 1
1 3.3 13, 4, 4, 4 4] +det{ m,y map 1 e(i, 3)
my me 1
w1 MWz 1
2 3:3 [2, 4, 4, 4; 4] —det{ 7,1 mes 1 e(i, 2)
my w1
T2 s 1
3 3-3 [1, 4, 4, 4; 4) +det{ e mhs 1 e(i, 1)
T W3 1
win Wi 1
4 3.3 [3, 3, 4, 4; 4] —det{ my; w2 1 e(7, 3)
o W 1
5 2.2 [2, 3, 4, 4; 4] +det<:k“ i) ({4, 3), (i, 2))
11
6 2.2 [1,3,4,4; 4] —det(?'z i) e((J, 3), (5, 1))
L2
T Wis 1
7 3.8 [2,2, 4, 4; 4] +det{ Ty whs 1 e(/, 2)
Ty ms 1
8 2.2 (1,2, 4, 4; 4] +det<:k'3 i) ((j, 2), (i, 1))
1,8
e Tz 1
9 3.3 [1, 1,4, 4; 4] ~det{ 7xo mes 1 e(j, 1)
T2 s 1
i1 T2 1
10 3-3 [3, 3, 3, 4; 4] +det{ m;, mae 1 c(k, 3)
my W 1
11 2.2 [2,3,3 44] —det<:j': }) e((k, 3), G, 2))
12 2.2 (1,33 44] +det<7r”2 i) e((k, 3), (i, 1))
T2
13 2.2 (2,28, 4; 4] +det(:;‘i }) e((k, 3), (j, 2))
14 1.1 [1,2,38,4; 4] +det(1) = +1 e((k, 3), (j, 2), G, 1))
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Table VI. The 50 Relevant Terms of det A,(e)
t ke ke v, det M+ &
0 4.4 [5, 5, 5, 5; 5] Wil Wiz T3 Tia
+def " Tx T T e()
Te1 Th2 Te3 Thrd
i1 Wz T3 Mis
1 3.3 [4, 5, 5, 5; 5] Tl T2 Tia
—det} 1 Tr2 T3 e(i, 4)
Ty T2 T3
2 8.3 [355,55] i W2 s
+det! 7h1 Wh2 Tha e(i, 3)
M1 M2 Mg
3 3.3 [2, 5, 5, 5; 5] Ti1 T3 T4
—de Th,y Th3 Tha e(i, 2)
Ty T3 T4
4 3.3 [1, 5, 5, 5; 5] Tj2 T3 Tja
+det, The Tk3 Tka C(i’ 1)
T2 T3 T4
5 3.3 [4, 4, 5, 5; 5] i1 Wiz T3
+det| 7i1 Th2 Tra e(j, 4)
M1 T2 T3
6 2.2 3,4,5,5 6 . -
[ J +det<7r"" ") e((j, 4), G, 3))
w1 T2
7 -2 ] 5y H y 7
2 [2, 4 5 5] __det<7rk.1 7"k.3> 6((], 4), (;, 2))
T Mg
8 .2 5
2 [1, 4,5, 5, 5] +det<7\'k,2 ﬂ'k,s) e((]-’ 4)’ (i, 1))
T2 T3
9 3.3 [8, 3, 5, 5; 5] Ty Wiz Tia
—de Th1 Th2 Tha €(jy 3)
Ty T2 T4
0 -2 H . .
102 (2.3,5,5; 8] +det(’”’" ’”‘"‘) e((J, 3), G, 2))
T T4
11 2.2 1,3,5,5; i i
(1,3 5] —det(ir'“ ’”‘"‘) ((j, 3), G, 1))
L2 T4
12 3-3 [2, 2, 5, b; 5] Ty Mz Tia
+det, Tr1 Tr3 Thka C(j, 2)
T T3 Tig
13 -2 3 5: 3 y 3
2 1,2, 5,5 5] +det(”-3 ”*-4> o((j, 2, G, 1)
T3 Tie
14 3-3 [1, 1, 5, 5; 5 T2 T3 Ti4
—det{ 7re Tz Tra e(j, 1)
T2 T3 T4
15 3.3 [4, 4, 4, 5; 5] 1 Wiz T3
—det{ M, w2 ws elk, 4)
Ty T2 T3
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Table VI—Continued

13 k. - R, U &
16 2.2 [3,4,4,55 _ («,-,1 m) .
det{ 72 T2 e((k, 4), G, 3))
17 2.2 24455 det(w,—_l 7r,-,3> ol 40, G 9)
Ty T3 T
18 2-2 (14,458 _det<1r,-.2 m) (B ). G 1))
T2 T3 A
13 2.2 [3,34,55] (11 iz .
r 9D +detk b ") e((k, 4), (j, 3))
T T
20 1-1 [2,8,4,5,5] —det(m,;) =—mp, e((k, 4), (j, 3), (i, 2))
21 1-1 [1,8,4,5,5] +det(m2) = +my, e((k, 4), (j, 3), (i, 1))
22 2.2 [2,2,455 _ det("“ m\, ok, 40, G, 2
\ 7,1 ™3/
23 1-1 [1,2,4,5,5] ~—det(myz) = —m3 e((k, 4), (4, 2), (i, 1))
R, / \
44 22 i, 1, 4, 95 O} +det«7l’i,2 7".‘,3) 8((k 4) (] 1))
T2 T3 T
25 3.3 [3,8,8,5;5] [Tin Tia Tid\
+det{ 71 w2 w4 e(k, 3)
T T2 T
26 2.2 2385 5] NETE A _
e e —-det\ " ”} e((k, 3), (1, 2))
T Tig
22 (L3355 g fme m) e((k, 3), (i, 1)
\T,2 T4/ PEhn
28 2.2 [2,23855] +det("“ m) o 3, G 2)
i1 T4 TR
29 1-1 [1,2,3,5;5] +det(m,) = +my4 e((k, 3), (J, 2), (i, 1))
30 2-2 [MLL35S _y [(me m) o 3, G 1)
\"l'l,z 4 A
31 3-3 [2, 2, 2, 5; 5] /‘lri,l T3 Ti4
—dat! . -_— - alh 9)
GeYy W1 F3 T4 e\, &y
V\Wm L3 771,4/
82 2-2 (L2253 —det("f'3 ”f-‘\ e((B, 2), (i, 1)
30 rre mr) e((k, 2), (i, 1))
33 2.2 [1,1,255] (ma m) .
+ a2
2 i e((k, 2), G, 1)
34 3.3 1,1, 1, 5; 5] T2 i3 Ti4
+det(1r,-,2 ;3 7|'j'4) C(k, 1)
\‘R'i,z T3 7='i,4/
35 3.3 [4, 4, 4, 4; 5] M1 Wiz Wig
+det(7r,~,1 2 ija\ 8(1, 4)
\Trk1 Trz Ti3/
36 2-2 [B4445 o (m m) oL 4), G.3)
Tkt T2
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Table VI—Continued

t kt * k: D, det M?‘ il
37 2-2  [2,4,4,45] —det<""" ”f-3> e((t, 4), (i, 2)

Te1 Tr3
38 22 [1,4,4,45] +det<”f'2 ”f.3> e((1,4), G, 1))

Tr2 T3
39 2.2 [3,3,4,45] _det<"“ ") e((h 4), (J, 3))

Tk  Tr2
40 1.1 (23,445 +det(my) = +mus e((h, 4), (J,3), G, 2))
A1 11 [1,3,4,45] —det(ms) = —mas e, 9, G, 3), G, 1)
2 2-2 (22445 +det<"“ ") e((, 4), (7, 2)

Tr1  Trj
43 1-1  [L2,4,45] Hdet(ms) = +mys o, 4), G2, (1)
4 2.2 [L1,4,45] —det<7ri'2 ") e((l, 4), (G, 1))

Tr2 Th3
65 2.2 (33345 +det<1r“ W) ({4 4), (& 3)

Tj1 T2
46 1.1 [2,3,8,45] —det(m:) =7 (@4, (k 3), (G, 2))
47 1.1 [1,3,3,45]  +detlmpe) = +m &L, 4), (,3), (i, 1))
48 1.1 (22,345 +det(my) = +my, e((, 4), (&, 3), (j, 2))
49 0.0 [1,2,3,45] +det()=+1 2((, 4), (& 3), (G, 2), G, 1))
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